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Abstract 

Gauge transformation leaves the electric and the magnetic fields un- 
changed as long as the gauge function is treated classically. In this paper 
we consider the gauge transformation commonly used to obtain the electric 
dipole interaction Hamiltonian in a system of dipoles and the electromag- 
netic field (Goppert-Mayer transformation) and treat the vector potential 
that appear in the gauge function as an operator. While it modifies the 
electric field, the static interaction between the dipoles is derived. 

1 Introduction 

In the standard textbooks of quantum mechanics and electromagnetism, A: the 
notion of gauge transformation is introduced before fields are quantized so that 
the gauge function is treated classically, and B: only time- varying fields are con- 
sidered in the field quantization. Derivation of the static force between charges 
or dipoles in the quantum regime, i.e., as a result of the exchange of virtual 
photons between them requires some amount of knowledges on the quantum 
field theory [Tj. In this paper, we take up the Goppert-Mayer transformation 
and perform the transformation while treating the vector potential that appear 
in this transformation as an operator. As a conseqence of this "quantum" trans- 
formation, it is shown that the static interaction between the dipoles emerges 
and the static dipole-field is added to the electric field operator. 

2 Goppert-Mayer transformation 

Consider an atom consists of an electron of charge — e orbiting around an nucleus 
of charge -\-e fixed at the origin. The electron is also interacting with the external 
electromagnetic field in addition to the Coulomb field created by the nucleus. 
We choose Coulomb gauge (0 — 0) for the external electromagnetic field. Then 
the Schrodinger equation for the electron is written as 

'^^M - l^[p + eAir,t)]^ + V{r)\ |^) (1) 



dt 1 2to 
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where V{r) is the Coulomb potential created by the nucleus. In the long wave- 
length approximation, the value of the vector potential A{r, t) is approximated 
by A{0,t), so that (P) becomes 

ih^^l^) ^ ^^^[p + eA{0,t)r + Vir)Y^). (2) 

The Goppert-Mayer transformation [2^ is a gauge transformation using the gauge 
function 

X{r,t) = -r ■ A{0,t), 

that transforms the state \(p) to — T\(p) with a unitary transformation 
T = exp{—ij-xir,t)) — exp{—j-d-A{0,t)) where d = — er is the dipole moment 
of the atom. Substituting \(p) = T^^\if) into or by first writing ^ in the 
gauge independent form and then using the relation A{r,t) = A{r, t) + Vx{'i', t) 
and <f){r,t) = 4>{r,t) — dtx{f,i)i an equation for \(p) is obtained: 

= {^P' + V{r) - d ■ E{0,t)^ \^). (3) 

Here we also used the relation E{r,t) = —dtA{r,t) applicable for the Coulomb 
gauge. The Goppert-Mayer transformation has an aspect that it rewrites the 
Hamiltonian into a standard form, i.e., as a sum of the kinetic energy and the 
potential energy. 



3 Transformation in the quantum regime 

In deriving ([3]), we implicitly assumed that dtT — —ij-Tdtx{f,t) which holds 
no longer if x(r,i) is an operator-valued function. Now we consider n atoms 
interacting with the electromagnetic field, and perform the transformation in 
the quantum regime. The Schrodinger equation in the long wavelength approx- 
imation is written as 

= E {^[P? + ^MR,,t)? + Vir, - R,)\ \ip) (4) 

where {Rq) is the position of the electron (nucleus) of the gth atom. The 
unitary transformation T on the state as = T\ip) is now given by T = 
exp(— ^ dq ■ A{Rq,t)) where dq = —e{rq — Rq) is the dipole moment of the 

gth atom. We shaU rewrite ^ in terms of = T\(p) and E{r, t) = TE{r, t)T^ 
while treating A{r,t) as an operator (if A{r,t) is treated as a classical quantity, 
then we obtain just a set of n equations each equivalent to ([3])). It is readily 
shown that obeys 



4i^)He 



l^Pl+y{rq-Rq) 



znT{dtT-'))\^). (5) 
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Writing T as T = with X = ~j-J2qdg ■ A{Rg,t) and going back to the 

definition of the exponential — linim^oo (l + ^)'^ i it is shown that TdtT^^ 
can be written generally as 

TdtT"^ ^ [ dse'^Ye-'^ ^ [ dsT^YT^^ 
Jo Jo 

where Y — dtX — j- J^q dq ■ E{Rq,t) and Ts — e^^ . Define a function /(s) as 
/(s) =T,rT_,. Then 

f'{s)^T,[X,Y]T^s = [X,Y] (6) 

using the fact that [X, Y] commutes with X in our system as will be shown 
below. Solving ^ as 

TsYT.,^ f{s)^Y + s[X,Y] (7) 

which leads to 

T5,r-i = ^ dsf{s) = Y + y] = Ti rr_ 1 - f - ^[x, y] 

with Y = TYT-\ Now we expand [X,Y]: 

[X,Y] = dqmdq'm'[A-m{Rq,t), Em'{Rq' ,t)]. 

qq' m ni' 

The general commutation relation between the vector potential operator and 
the electric field operator is given by (24) and (27) of COMPLEMENT Cm of 
[3] (p. 226-7). From this, the simultaneous commutation relation is calculated 
as 

[A^{R,t),E^,{R',t)] = 3 (,5w -ipmPm') (8) 

47reo p 

where p = R — R! , p = \p\, and P — ^ (we omit here the term proportional 
to S{p)). Note that the right-hand side of the above equation is a c-number. 
Finally putting all togther into (O, we obtain 

Z?i^|<^) = < Ho + Hext + ^ £dipiRq - Rq',dq,dq>) + tgelf \ , (9) 
[ q>q' J 

with i/o = Y.q{^Pl +y{rq-Rq)]. H ^^t = -Eqdq- E{Rq,t), 

ed^p{R,d,d') - -^l-{d-d' -3{d-R){d' -R)}, 
47reo -K 

and eseif — ^ J2q ^dip{0, dq, dq) is the dipole self energy which is singular. The 
Cdip terms describe the static interaction between different dipoles where as Hext 
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corresponds to the electric dipole interaction with the external field. Redefining 
Y as Y = E{R,t) and using the relation ([7]), E{R,t) is calculated as 

E{R, t) = TYT^ ^ TiYT^i ^Y+[X,Y]. 

Again using the commutation relation (|5]), the relation between the electric field 
operators before and after the gauge transformation is calculated as 

E{R, t) = E{R, t)+Y^ Ed^piR - fig, dq) 

where 

Edip{R,d) = -^^[d-3{d-R)Rj (10) 

is the electric field created by a dipole of dipole moment d at the distance R. 
We see that the electric field operators in the two pictures differ by the electric 
field created by n dipoles. 

4 Conclusion and discussion 

By treating the gauge function of the Goppert-Mayer transformation as an op- 
erator, the static interaction between the dipoles is derived. Let us call the 
picture before (after) the transformation PI (P2). It is noted that, in P2, the 
static dipole interaction term is present even in the absence of photons. Go- 
ing back to PI, the corresponding state contains (virtual) photons which yield 
forces between the dipoles. 

A Coulomb potential 

In this appendix we look for a unitary transformation T which leads to the 
Coulomb potential: 

E{r,t)^E{r,t)+Ec{r) 

where E{r,t) = TE{r,t)T'< and Ec{r) = 4^^- = -V(?!)c(r) is the electric field 
derived from the Coulomb potential 4>c{r) = j^^- The relation 

= -{ds-Vs)Ec{r^s) 

(see (fTU))) suggests to use T — exp{j-q A{s, t) ■ ds) (instead of T = exp(— |-<i • 
A(0,t)) of the Goppert-Mayer transformation) where the integration path goes 
from the origin to somewhere infinity (imagine a chain of dipoles that connects 
the origin to infinity). T itself depends on the integration path, but E does not 
as we shall see. Again writing T as T = e-^ with X — j-q J^^ A{s,t) ■ ds and 
defining Y as Y = Em{r,t), then ([7]) leads to 

E^ir,t)^f{l)^X + [X,Y]. (11) 
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Using the simultaneous commutation relation (jS]) in the form 

[Arn'{s,t),E„,{r,t)] = - ipmPrn') 

— i!i_dpr, 



where p — s — r, p = \p\, and P = [X, Y] is calculated as 
[X,Y] = j-qJ^j:^,[A^,{s,t),E„,ir,t)]d.s„ 

— h'i Jo l^ra' Attco 9s,„, |s-rP 
47r£o '^O * |s— r|'^ 

47r€o ' 

Substituting this into pT|) we obtain 

q r 



(12) 



47reo 
as expected. 
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